In this paper, we introduce the concepts of Rota-Baxter operators and differential operators with weights on a multiplicative n-ary Hom-algebra. We then focus on Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras and show that they can be derived from Rota-Baxter Hom-Lie algebras, Hom-preLie algebras and RotaBaxter commutative Hom-associative algebras. We also explore the connections between these Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras.
Introduction
Hom-type generalizations of n-ary Nambu-Lie algebras, called n-ary Hom-Nambu-Lie algebras, were introduced by Ataguema, Makhlouf, and Silvestrov in [4] . Each n-ary HomNambu-Lie algebra has n−1 linear twisting maps, which appear in a twisted generalization of the n-ary Nambu identity called the n-ary Hom-Nambu identity. If the twisting maps are all equal to the identity, one recovers an n-ary Nambu-Lie algebra. The twisting maps provide a substantial amount of freedom in manipulating Nambu-Lie algebras. For example, in [4] it is demonstrated that some ternary Nambu-Lie algebras can be regarded as ternary Hom-Nambu-Lie algebras with non-identity twisting maps.
In recent years, Rota-Baxter (associative) algebras, originated from the work of G. Baxter [10] in probability and populated by the work of Cartier and Rota [11, 25, 26] , have also been studied in connection with many areas of mathematics and physics, including combinatorics, number theory, operators and quantum field theory [1, 8, 15-19, 25, 26] . In particular Rota-Baxter algebras have played an important role in the Hopf algebra approach of renormalization of perturbative quantum field theory of Connes and Kreimer [12] [13] [14] , as well as in the application of the renormalization method in solving divergent problems in number theory [19, 24] . Furthermore, Rota-Baxter operators on a Lie algebra are an operator form of the classical Yang-Baxter equations and contribute to the study of integrable systems [7, 8, 27] . Further Rota-Baxter 3-Lie algebras are closely related to preLie algebras [6] .
Thus it is time to study multiplicative n-ary Hom-Nambu-Lie algebras and RotaBaxter algebras together to get a suitable definition of Rota-Baxter multiplicative n-ary Hom-Nambu-Lie algebras. In this paper we establish a close relationship of our definition of Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras with well-known concepts of Rota-Baxter commutative Hom-associative or Hom-Lie algebras. This on one hand justifies the definition of Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras and on the other hand provides a rich source of examples for Rota-Baxter multiplicative 3-ary HomNambu-Lie algebras. The concepts of differential operators and Rota-Baxter operators with weights for general (non-associative) Hom-algebras are introduced in Section 2. The duality of the two concepts are established. In Section 3 we extend the connections [2, 5, 20] from Hom-Lie algebras and Hom-preLie algebras to multiplicative 3-ary Hom-Nambu-Lie algebras to the context of Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras. In Section 4, we construct Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras from Rota-Baxter commutative Hom-associative algebras. In Section 5 we construct RotaBaxter multiplicative 3-ary Hom-Nambu-Lie algebras from Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras. We also consider the refined case of multiplicative HomLie triple systems.
Definition 2.3.
[4] A multiplicative n-ary Hom-Nambu-Lie algebra is a triple (L, 
where α is applied to all the n components outside of the inner bracket.
In particular, when n = 3, by Eq. (2.1), we have
Under the skew-symmetric condition, the equation is equivalent to
An endomorphism α is said to be an element of the centroid if α(
The centroid of (L, ·, α) is defined by
Definition 2.5.
[22] Let (L, ·, α) be a Hom-algebra and let
then P is called a Rota-Baxter operator of weight λ and (L, ·, α, P ) is called a Rota-Baxter Hom-algebra of weight λ.
and
We generalize the concepts of a Rota-Baxter operator and differential operator to multiplicative n-ary Hom-algebras.
is called a differential multiplicative n-ary Hom-algebra of weight λ. In particular, a differential multiplicative 3-ary Hom-algebra of weight λ is a multiplicative 3-ary Hom-algebra
is called a Rota-Baxter multiplicative n-ary Hom-algebra of weight λ. In particular, a Rota-Baxter multiplicative 3-ary Homalgebra of weight λ is a multiplicative 3-ary Hom-algebra (L, <, · · ·, >, α) with a linear
Specially, for α = id Bai and Guo gave the differential and Rota-Baxter operators on n-algebra in [6] Theorem 2.9. Let (L, <, · · ·, >, α) be a multiplicative n-ary Hom-algebra over K and α be an algebraic automorphism. An 
Then by Eq. (2.10), we have
Therefore αP −1 is a derivation of weight λ.
Conversely, let αP −1 be a derivation of weight λ. For x 1 , · · · , x n ∈ A, by Eq. (2.8), we have
Therefore,
This proves the result.
3 Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras from Rota-Baxter Hom-Lie algebras and Hom-preLie algebras
We first recall the following result.
Then there is a multiplicative 3-ary Hom-Nambu-Lie algebra structure on L given by
(3.12)
Then P is a Rota-Baxter operator on the multiplicative 3-ary Hom-Nambu-Lie algebra
where id : L → L is the identity map.
Proof. By Lemma 3.1, L is a multiplicative 3-ary Hom-Nambu-Lie algebra with the multiplication [, , ] f defined in Eq. (3.12). Now for any x, y, z ∈ L,
Applying Eqs. (2.5) and (3.12), we obtain
Then the theorem follows.
Then P is a RotaBaxter operator on the multiplicative 3-ary Hom-Nambu-Lie algebra (L, [, , ] f , α) defined in Eq. (3.12) if and only if P satisfies
for all x, y, z ∈ L.
In particular, if
Proof. By the proof of Theorem 3.2, we have
which proves the first statement of the corollary.
If P 2 = 0, then
which proves that P is a Rota-Baxter operator on the multiplicative 3-ary Hom-NambuLie algebra (L, [, , ] f , α).
Lemma 3.4. [22] Let (L, [, ], P ) be a Rota-Baxter Lie algebra and α : L → L be a Lie algebra endomorphism commuting with P . Then (L, [, ] α , α, P ) is a Rota-Baxter Hom-Lie algebra, where
is a multiplicative Rota-Baxter 3-ary Hom-Nambu-Lie algebra of weight λ if and only if P satisfies 13) . The rest of the proof is very similar to that of Theorem 3.2, so we will omit the details.
We now study the realizations of Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras by Rota-Baxter Hom-associative algebras and Rota-Baxter Hom-preLie algebras.
Definition 3.6.
[22] Hom-preLie algebra is a triple (L, * , α) consisting of a vector space L, a bilinear map * : L ⊗ L → L and a homomorphism α satisfying
It is obvious that all Hom-associative algebras are Hom-preLie algebras.
For a Hom-preLie algebra (L, * , α), the commutator If a linear map P : L → L is a Rota-Baxter operator of weight λ on a Hom-preLie algebra (L, * , α), that is, P satisfies P (x) * P (y) = P (P (x) * y + x * P (y) + λx * y) f or all x, y ∈ L, then P is a Rota-Baxter operator of weight λ on its sub-adjacent Hom-Lie algebra
Lemma 3.7. Let (L, * , α, P ) be a Rota-Baxter Hom-preLie algebra of weight λ. Then (L, ·, α, P ) is a Rota-Baxter Hom-Lie algebra of weight λ, where the multiplication [, ] * is defined in Eq. (3.14).
Proof. It is obvious that for any x, y, z ∈ L,
Hence, the conclusion holds.
Lemma 3.8.
[22] Let (L, •, P ) be a Rota-baxter associative algebra where P is a Rotabaxter operator of weight λ. Let α ∈ Cent(L) and set for x, y ∈ L x * y = α(x) • y.
Assume that α and P commute. Then (L, * , α, P ) is a Hom-associative Rota-baxter algebra.
Lemma 3.9. Let (L, * , α, P ) be a Rota-Baxter Hom-preLie algebra of weight zero. Assume that α and P commute. Then (L, ·, α, P ) is a Rota-Baxter Hom-preLie algebra of weight zero, where the multiplication · is defined as
Proof. Let (L, * , α, P ) be a Rota-Baxter Hom-preLie algebra of weight zero. For any x, y, z ∈ L, we have,
) * α(P (y)) + P (P (y) * x − x * P (y)) * α(z) − α(z) * P (P (y) * x − x * P (y)) =(P (y) * P (x)) * α(z)−(P (x) * P (y)) * α(z)+α(z) * (P (x) * P (y))−α(z) * (P (y) * P (x)) +α(P (x)) * (P (y) * z)−α(P (x)) * (z * P (y))−(P (y) * z) * α(P (x))+(z * P (y)) * α(P (x)) +α(P (y)) * (P (x) * z)−α(P (y)) * (z * P (x))−(P (x) * z) * α(P (y))+(z * P (x)) * α(P (y)) =0.
Furthermore,
Lemma 3.10. Let (L, ·, α, P ) be a Rota-Baxter commutative Hom-associative algebra of weight λ, D is an α 0 -derivation satisfying DP = P D. Then (A, * , P ) is a Rota-Baxter Hom-preLie algebra of weight λ, where
In particular by Lemma 3.7, we get a Rota-Baxter Hom-Lie algebra (L, [, ] * , α), where
Proof. Let (L, ·, α, P ) be a Rota-Baxter commutative Hom-associative algebra of weight λ and DP = P D. Then for any x, y, z ∈ L, we have,
Theorem 3.11. Let (L, * , α, P ) be a Rota-Baxter Hom-preLie algebra of weight λ.
Then P is a Rota-Baxter operator on the multiplicative 3-ary Hom-Nambu-Lie algebra (L, [, , ] f , α) if and only if f (x)(P (y) * P (z) − P (z) * P (y)) + f (y)(P (z) * P (x) − P (x) * P (z)) + f (z)(P (x) * P (y) − P (y) * P (x)) ∈ Ker(P + λid) f or all x, y, z ∈ L. 
Thus, the proof is completed.
Then P is a Rota-Baxter operator on the multiplicative 3-ary Hom-Nambu-Lie algebra (L, [, , ] f , α) if and only if
(3.18)
Proof. By Lemma 3.8, (L, * , α, P ) is Rota-Baxter Hom-associative algebra of weight λ, where x * y = α(x) * y. By Lemma 3.7, (L, [, ] * , α, P ) is a Rota-Baxter Hom-Lie algebra of weight λ, where [x, y] * = x * y − y * x. By Lemma 3.1 and Theorem 3.2, P is a RotaBaxter operator on the multiplicative 3-ary Hom-Nambu-Lie algebra (L, [, , ] f , α) if and only if P satisfies
Thus, the proof is completed. Theorem 3.13. Let (L, * , α, P ) be a Rota-Baxter Hom-preLie algebra of weight zero. Suppose that f ∈ L * satisfies f (α(x))f (y) = f (α(y))f (x) and
is a multiplicative 3-ary Hom-Nambu-Lie algebra with the multiplication
Further, P is a Rota-Baxter operator of weight zero on the multiplicative 3-ary HomNambu-Lie algebra (L, [, , ], α) if and only if P satisfies
Proof. By Lemma 3.9, (L, ·, α) is a Hom-preLie algebra with the multiplication
and P is a Rota-Baxter operator on the Hom-preLie algebra (L, ·, α). (L, [, , ] , α) is a multiplicative 3-ary Hom-Nambu-Lie algebra, where
Therefore, Eq. (3.20) holds.
By Theorem 3.11, P is a Rota-Baxter operator on the multiplicative 3-ary HomNambu-Lie algebra (L, [, , ], α) if and only if P satisfies
=f (x)(P4 Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras from Rota-Baxter commutative Hom-associtive algebras
In this section, we construct Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras from commutative Hom-associtive algebras together with involutions and derivations. We first recall the definition of the involution.
Definition 4.1. [9] Let A be a commutative Hom-associtive algebra. If a linear map ω : A → A satisfying for every a, b ∈ A,
Then by Lemmas 3.1 and 3.10, (L, [, , ] f,D , α) is a multiplicative 3-ary Hom-Nambu-Lie algebra, where
Theorem 4.2. Let (L, ·, α) be a Rota-Baxter commutative Hom-associtive algebra of weight λ, D be an α 0 -derivation satisfying DP = P D and f in
Then P is a Rota-Baxter operator of weight λ on the multiplicative 3-ary Hom-Nambu-Lie algebra (L, [, , ] f,D , α) if and only if P satisfies
Proof. The result follows directly from Theorem 3.2 and Lemma 3.10.
Lemma 4.3. Let (L, ·, α) be a commutative Hom-algebra. For a 3 × 3 − matrix M, we use the notation
and the corresponding determinant, where x, y and z denote the column vectors. Let P : L → L be a Rota-Baxter operator of weight λ and let P ( x), P ( y) and P ( z) denote the images of the column vectors. Then we have
Proof. By the definition of determinants, we have
is a multiplicative 3-ary Hom-Nambu-Lie algebra with the multiplica-
. 
Then we have
where x,y,z is the circulation of x, y, z, for example
.
is a multiplicative 3-ary Hom-Nambu-Lie algebra in the multiplication (4.21). Proof. Let x 1 , x 2 , x 3 ∈ L. By Lemma 4.3 and Eq. (4.21), we have
This is what we need.
5 Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras from Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebras Let (L, [, , ], α, P ) be a Rota-Baxter multiplicative 3-ary Hom-Nambu-Lie algebra of weight λ. Using the notation in Eq. (2.10), we define a ternary operation on L by
Then we have the following result. 
Since (L, [, , ], α) is a multiplicative 3-ary Hom-Nambu-Lie algebra, for any given ∅ = K ⊆ {1, · · · , 5}, we have [[P K (x 1 ),P K (x 2 ),P K (x 3 )],P K (x 4 ),P K (x 5 )] =[[P K (x 1 ),P K (x 4 ),P K (x 5 )],P K (x 2 ),P K (x 3 )] + [[P K (x 2 ),P K (x 4 ),P K (x 5 )],P K (x 3 ),P K (x 1 )] + [[P K (x 3 ),P K (x 4 ),P K (x 5 )],P K (x 1 ),P K (x 2 )].
Thus from the above sum, we conclude that (L, [, , ] P , α) is a multiplicative 3-ary HomNambu-Lie algebra.
Further we have [P (x 1 ), P (x 2 ), P (x 3 )] P = ∅ =I⊆{1,2,3} λ |I|−1 [P I (P (x 1 )),P I (P (x 2 )),P I (P (x 3 ))] = ∅ =I⊆{1,2,3} λ |I|−1 [P (P I (x 1 )), P (P I (x 2 )), P (P I (x 3 ))] = ∅ =I⊆{1,2,3} λ |I|−1 P ([P I (x 1 ),P I (x 2 ),P I (x 3 )]).
This proves that P is a Rota-Baxter operator on (L, [, , ] P , α). Then the theorem follows from Theorem 5.1.
